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We develop the systematics for applying operators on Minkowski correlation functions to get the
inflationary correlation functions. Simple structures and recursion relations are known for Minkowski
correlation functions. Using the operator technique, various novel recursion relations for inflationary
correlation functions are obtained.
I. INTRODUCTION
Despite the fact that the departures from a Gaussian probability distribution in the cosmic microwave background (CMB)
and large scale structure (LSS) are small, primordial non-Gaussianities can play an important role in understanding the
physics of inflation. From various shapes of non-Gaussianities, we can extract information about additional massive field
contents during inflation [1–5], the initial conditions for inflation [6–8], the deviation from a standard kinetic term [9] and
the shape of the inflaton potential during inflation [10, 11]. The simplest slow-roll inflation model predicts a non-vanishing
non-Gaussianity which is suppressed by the slow-roll parameter [12]. However, general single field inflation [9] can give
much larger three-point correlation functions, and even higher-point correlation functions [13, 14]. Thus studying the higher-
point correlation functions and the relations between them have become an important topic in the coming era of precision
cosmology.
The basic technique for computing the correlation functions is the in-in formalism [15] (see also [16, 17] for reviews). The
late time interacting vacuum states are evolved from an initial vacuum state using the evolution operator in the interaction
picture. Equivalently, the formalism can be rewritten as the Schwinger-Keldysh formalism originally developed in [18–20]
and later used in various aspects of physics [21–24] and cosmology [25–34]. See [35] for a self-contained introduction of the
Schwinger-Keldysh formalism.
The computation of inflationary correlation functions are in general more tedious than the Minkowski correlation functions.
There are two complications: the first one is that the time-dependence of the inflationary background makes the solution
of the Klein-Gordon equation of the primordial curvature perturbation more involved than that of Minkowski. The other
complication is due to the difference between time ordering, anti-time ordering and mixtures of them. In the Schwinger-
Keldysh formalism, there are four types of propagators and we have to add up the contributions from all of them. For a
diagram with n vertices, there are in total 2n contributions due to these different propagators.
The first complication about more complicated mode function can be made simpler by extracting the time dependence of
the inflationary background. It turns out that for any diagram of a correlation function in the de Sitter can be written as an
differential operator acting on a diagram of a correlation function in the Minkowski space, both evaluated at τ = 0. This is
inspired by the discussion in [5] that in de Sitter space, by acting a particular differential operator on a three-point function
of a conformally coupled scalar, we obtain the three-point function for massless field. This type of method is widely used to
relate correlation functions of different types, for example, people apply the operator technique to find a relation between
correlation functions in the presence of different types of massive field (different masses and spins) in AdS [36] or dS [37].
Similarly, in [38], relations between Minkowski correlation functions and de Sitter correlation functions are proposed.
In this article we improve the results of [38] in a few aspects. In [38], for the time integrals with different time orderings,
we were unable to extract a unique operator (except for a particular form of interaction). In this work, we use a trick of
“deforming the internal momenta” and find that for a particular diagram D, regardless of the time orderings, we can write
〈ζk1 · · · ζkn〉′D = OD〈φk1 · · ·φkn〉′D , (1)
where ζ and φ are massless scalars in de Sitter space and in Minkowski space, respectively, and OD is a differential operator
associated to this diagram. In this expression, the internal momenta are deformed without being limited by momentum
conservation. The deformation of the internal momentum looks constraining. However, as we will see later, the relation is
powerful enough for deriving recursion relations, and one can take the momentum conserving limit after the whole procedure.
We develope a more systematic way of extracting the operator OD compared to the previous work. Other than getting
rid of the complication from the time dependence due to the inflationary background, the more important implication of the
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2decomposition in (1) is that we can make use of the properties of the flat space correlation functions. In principle, for any
relations for the flat space correlation function of the form
〈φk1 · · ·φkn〉′D = f({ki}, {lj}) , (2)
we can directly translate it into a relation for the corresponding inflationary correlation function by applying an appropriate
operator:
OD〈φk1 · · ·φkn〉′D = 〈ζk1 · · · ζkn〉′D = ODf({ki}, {lj}) , (3)
where {ki} is the set of all momenta of the external legs of D and {lj} is the set of all momenta of the internal legs. One
of the possible application is recursion relations. Even in the flat space, the computation gets more complicated when it
goes to higher-points. Several useful recursion relations are developed in the context of scattering amplitudes. For example,
the BCFW recursion relation [39] makes use of the simplicity of on-shell amplitudes and simplify the higher-point scattering
amplitudes into lower ones by putting the internal propagators on-shell. Lots of efforts has been made to derive analogous
recursion relations in the curved space. For instance, in [40, 41], several recursion relations in AdS4 are derived using ideas
very similar to BCFW. In [38], a recursion relation was derived by using recursion relations of the wave functions in the flat
space [42] (quite remarkably, these recursion relations posses some geometrical interpretations and some deep physics concepts
like Lorentz invariance and unitarity can automatically emerge from this picture [43, 44].) and some relations between flat
space correlation function and flat space wave function, finally a recursion relation in inflationary correlation functions were
derived. The operator method developed in this work can serve as a more direct way for deriving recursion relations for
inflationary correlation functions in de Sitter space from recursion relations for flat space correlation functions, which applies
for general form of interactions. We first derived a recursion relation for flat space correlation functions following a similar
derivation for recursion relations of the wave function in the flat space in [42]. Applying appropriate operators on these
relations we finally obtain the desired recursion relations in de Sitter space.
The article will be organized as follows: In Section. II, we review the the Schwinger-Keldysh diagrammatic rules for
in-in correlation function calculation. In Section. III, we demonstrate the construction of the operator that transform the
correlation function in the Minkowski space into de Sitter space. In Section. IV, we derive a recursion relation for tree
diagrams in the massless scalar φ3 theory in the Minkowski space. Then we will use the operators constructed in Section. V
to obtain a recursion relation in de Sitter space for a massless scalar field with cubic interactions.
II. SCHWINGER-KELDYSH DIAGRAMMATIC RULES
In this section, we review the Schwinger-Keldysh diagramatic rules based on [35] and setup the conventions for the
later sections. Since we are considering the correlation function in both the Minkowski background and the inflationary
background. It is convenient to introduce it in a general FRW background
ds2 = a2(τ)(−dτ2 + dx2) , (4)
where τ is the conformal time and a(τ) is the scale factor which equals to 1 for the Minkowski background and is −1/(Hτ)
for the inflationary background, where H ≡ a˙/a is the Hubble parameter (we will use dots to denote derivative with respect
to t and prime for τ). The conformal time is defined through dτ2 = a2(t)dt2, so in the Minkowski background, the conformal
time is equal to the physical time t, which ranges from −∞ to ∞. And in the inflationary background, τ ranges from −∞
to 0. Suppose we have a field theory defined by the action 1
S =
∫
dτd3xL[φ, τ ] , (5)
where φ represents the field fluctuations, and L[φ, τ ] is the Lagrangian of the theory starting from quadratic order in the
fluctuations. The canonical conjugate momentum pi and the Hamiltonian are defined as
pi ≡ ∂L[φ]
∂φ′
, H[pi, φ] ≡ piφ′ − L[φ] , (6)
respectively.
In the canonical in-in formalism, the expectation value of the field fluctuations are defined through
〈Ω|φ(τ) . . . φ(τ)|Ω〉 ≡ 〈0|F¯ (τ, τ0)φ(τ,x1) . . . φ(τ,xN )F (τ, τ0)|0〉 , (7)
1 Here we consider scalar field theory in the inflationary background. We remind the readers that for alternative background and also for tensor
perturbations [45], it is possible to apply similar techniques.
3where τ is the time of the slice we want to evaluate the correlation on, and τ0 is the initial time. F (τ, τ0) is the usual
evolution operator in the interaction picture
F (τ, τ0) = T exp
(
− i
∫ τ
τ0
dτ1HI(τ1)
)
, (8)
and F¯ (τ, τ0) is its Hermitian conjugate, where T denotes time ordering operator and HI(τ) is the Hamiltonian in the
interaction picture.
In the Schwinger-Keldysh formalism, the expectation value (7) can be evaluated by inserting an identity operator 1 =∑
α |Oα〉〈Oα| on the time slice at τ into the expectation value
〈Ω|φ(τ,x1) . . . φ(τ,xN )|Ω〉 =
∑
α
〈Ω|Oα〉〈Oα|φ(τ,x1) . . . φ(τ,xN )|Ω〉 . (9)
Here we have inserted the identity operator on the left of all the field operators, but it turns out that the result will be the
same even if we had inserted it into somewhere else. Now we have some in-out inner products in this expression, we can
write them as path integrals. To do this we insert the complete eigenbasis 1 =
∑
φ(τi)
|φ(τi)〉〈φ(τi)| of the field operator and
the complete eigenbasis 1 =
∑
pi(τi)
|pi(τi)〉〈pi(τi)| of the conjugate momenta at each time slice τi for both of the time-ordered
and the anti time-ordered factors. After integrating out the conjugate momenta, one arrives at the following formula
〈φ(τ,x1) . . . φ(τ,xN )〉 =
∫
Dφ+Dφ−φ+(τ,x1) . . . φ+(τ,xN ) exp
[
i
∫ τ
τ0
dτ ′d3x(L[φ+]− L[φ−])
]
δ
(
φ+(τ,x)− φ−(τ,x)
)
,
where + and − indicates the time-ordered and anti time-ordered factors, respectively.
We define the generating functional as
Z[J+, J−] =
∫
Dφ+Dφ− exp
[
i
∫ τ
τ0
dτ ′d3x(L[φ+]− L[φ−] + J+φ+ − J−φ−)
]
, (10)
where J+(τ,x) and J−(τ,x) are sources for the scalar fields φ+(τ,x) and φ−(τ,x), respectively. The correlation function can
be evaluated as
〈φa1(τ,x1) . . . φaN (τ,xN )〉 =
δ
ia1δJa1(τ,x1)
. . .
δ
iaNδJaN (τ,xN )
Z[J+, J−]
∣∣∣∣
J±=0
, (11)
where ai = ±. To do perturbative calculations, we split the Lagrangian density into free part L0 and interacting part Lint
as usual
L[φ] = L0[φ] + Lint[φ] , (12)
so that the generating functional can be written as
Z[J+, J−] = exp
[
i
∫ τf
τ0
dτd3x
(
Lint
[
δ
iδJ+
]
− Lint
[
− δ
iδJ−
])]
Z0[J+, J−] , (13)
Z0[J+, J−] ≡
∫
Dφ+Dφ− exp
[
i
∫ τf
τ0
dτd3x
(
L0[φ+]− L0[φ−] + J+φ+ − J−φ−
)]
. (14)
Then we can compute the correlation functions order by order. There are four types of propagators and they are defined as
−i∆ab(τ1,x, τ2,y) = δ
iaδJa(τ1,x)
δ
ibδJb(τ2,y)
Z0[J+, J−]
∣∣∣∣
J±=0
. (15)
We refer this kind of propagators as the bulk propagators, or internal legs. Usually it is more convenient to work with the
Fourier transformation of it
Gab(k; τ1, τ2) = −i
∫
d3xe−ik·(x−y)∆ab(τ1,x; τ2,y) . (16)
However, for our purpose, we will need a small modification: we need to make the momenta at the “two sides” of the
propagator different. For example, for a bulk propagator with momentum lij contains terms like u(lij , τi)u
∗(lij , τj), we will
deform the momentum so that we have terms like u(li, τi)u
∗(lj , τj), and set li = lj = lij at the end. To be more explicit, the
four types of bulk propagators, written in terms of the mode functions of the fields, are
G++(l1, τ1; l2, τ2) = G>(l1, τ1; l2, τ2)θ(τ1 − τ2) +G<(l1, τ1; l2, τ2)θ(τ2 − τ1)
G+−(l1, τ1; l2, τ2) = G<(l1, τ1; l2, τ2)
G−+(l1, τ1; l2, τ2) = G>(l1, τ1; l2, τ2)
G−−(l1, τ1; l2, τ2) = G<(l1, τ1; l2, τ2)θ(τ1 − τ2) +G>(l1, τ1; l2, τ2)θ(τ2 − τ1)
(17)
4where
G>(l1, τ1; l2, τ2) ≡ ul1(τ1)u∗l2(τ2) ,
G<(l1, τ1; l2, τ2) ≡ u∗l1(τ1)ul2(τ2) ,
(18)
and uli are the mode functions of the fields. We will use these propagators with deformed momenta in this work, and impose
the condition l1 = l2 = l12 at the end.
If τ2 is the time on the final time slice, τ2 = τf > τ1, the propagators are called the bulk-to-boundary propagators, or simply
external legs. For this kind of propagators, we will not need the trick of “deforming the momenta” and we will have
G+(k, τ1) ≡ G++(k; τ1, τf ) = G+−(k; τ1, τf ) = G<(k, τ1, τf )
G−(k, τ1) ≡ G−+(k; τ1, τf ) = G−−(k; τ1, τf ) = G>(k, τ1, τf ) (19)
If we use the perturbation theory to calculate the correlation functions, it is convenient to use diagrams to represent each
terms in the perturbative expansion as in the usual quantum field theories. The rules for the diagrams are very similar to
the usual Feynman rules in scalar field theories. We will emphasize the differences in this review.
For the external points, we will denote them using squares. Then for each vertex, we will differentiate them into two types:
the plus-type and the minus-type, and we will denote them by black dots and white dots, respectively. Then the external leg
will be represented as a line connecting two vertices, and the internal legs will be represented as a line connecting a vertex
and an external point. Once we drawn the diagram, we can get an expression for the corresponding term in the perturbative
expansion with the following rules:
For propagators,
⌧1 ⌧2
= G++(l1, τ1; l2, τ2) ,
⌧1 ⌧2
= G+−(l1, τ1; l2, τ2) ,
⌧1 ⌧2
= G−+(l1, τ1; l2, τ2) ,
⌧1 ⌧2
= G−−(l1, τ1; l2, τ2) ,
⌧
= G+(k; τ) ,
⌧
= G−(k; τ) .
(20)
For vertices of non-derivative coupling, e.g., Lint ⊃ − λ
3!
a4(τ)φ3, we have
= −iλ
∫ τf
τ0
dτ a4(τ) · · · , = +iλ
∫ τf
τ0
dτ a4(τ) · · · . (21)
For vertices with derivative coupling, we act the derivatives on the legs attached to the vertices: for spatial derivatives,
we will get some factors of momentum, and for time derivatives we take the time derivatives of the propagators, e.g., for
−λ
2
a(τ)φ′∂iφ∂iφ
⌧
<latexit sha1_base6 4="1M5jagWijVJfEcetgU+JBwTs1oY=">AAA B63icbZBNSwMxEIZn/az1q+rRS7AInsquCPZ Y8OKxgv2AdinZNNuGJtklmRVK6V/w4kERr/4h b/4bs+0etPWFwMM7M2TmjVIpLPr+t7exubW9 s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSa t1Cg5N3UcKoiyTvR5C6vd564sSLRjzhNeajoS ItYMIq51UeaDSpVv+YvRNYhKKAKhZqDyld/m LBMcY1MUmt7gZ9iOKMGBZN8Xu5nlqeUTeiI9 xxqqrgNZ4td5+TSOUMSJ8Y9jWTh/p6YUWXtVE WuU1Ec29Vabv5X62UY18OZ0GmGXLPlR3EmCS YkP5wMheEM5dQBZUa4XQkbU0MZunjKLoRg9e R1aF/XAscPN9VGvYijBOdwAVcQwC004B6a0AI GY3iGV3jzlPfivXsfy9YNr5g5gz/yPn8AHi2 OPg==</latexit><latexit sha1_base6 4="1M5jagWijVJfEcetgU+JBwTs1oY=">AAA B63icbZBNSwMxEIZn/az1q+rRS7AInsquCPZ Y8OKxgv2AdinZNNuGJtklmRVK6V/w4kERr/4h b/4bs+0etPWFwMM7M2TmjVIpLPr+t7exubW9 s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSa t1Cg5N3UcKoiyTvR5C6vd564sSLRjzhNeajoS ItYMIq51UeaDSpVv+YvRNYhKKAKhZqDyld/m LBMcY1MUmt7gZ9iOKMGBZN8Xu5nlqeUTeiI9 xxqqrgNZ4td5+TSOUMSJ8Y9jWTh/p6YUWXtVE WuU1Ec29Vabv5X62UY18OZ0GmGXLPlR3EmCS YkP5wMheEM5dQBZUa4XQkbU0MZunjKLoRg9e R1aF/XAscPN9VGvYijBOdwAVcQwC004B6a0AI GY3iGV3jzlPfivXsfy9YNr5g5gz/yPn8AHi2 OPg==</latexit><latexit sha1_base6 4="1M5jagWijVJfEcetgU+JBwTs1oY=">AAA B63icbZBNSwMxEIZn/az1q+rRS7AInsquCPZ Y8OKxgv2AdinZNNuGJtklmRVK6V/w4kERr/4h b/4bs+0etPWFwMM7M2TmjVIpLPr+t7exubW9 s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSa t1Cg5N3UcKoiyTvR5C6vd564sSLRjzhNeajoS ItYMIq51UeaDSpVv+YvRNYhKKAKhZqDyld/m LBMcY1MUmt7gZ9iOKMGBZN8Xu5nlqeUTeiI9 xxqqrgNZ4td5+TSOUMSJ8Y9jWTh/p6YUWXtVE WuU1Ec29Vabv5X62UY18OZ0GmGXLPlR3EmCS YkP5wMheEM5dQBZUa4XQkbU0MZunjKLoRg9e R1aF/XAscPN9VGvYijBOdwAVcQwC004B6a0AI GY3iGV3jzlPfivXsfy9YNr5g5gz/yPn8AHi2 OPg==</latexit><latexit sha1_base6 4="1M5jagWijVJfEcetgU+JBwTs1oY=">AAA B63icbZBNSwMxEIZn/az1q+rRS7AInsquCPZ Y8OKxgv2AdinZNNuGJtklmRVK6V/w4kERr/4h b/4bs+0etPWFwMM7M2TmjVIpLPr+t7exubW9 s1vaK+8fHB4dV05O2zbJDOMtlsjEdCNquRSa t1Cg5N3UcKoiyTvR5C6vd564sSLRjzhNeajoS ItYMIq51UeaDSpVv+YvRNYhKKAKhZqDyld/m LBMcY1MUmt7gZ9iOKMGBZN8Xu5nlqeUTeiI9 xxqqrgNZ4td5+TSOUMSJ8Y9jWTh/p6YUWXtVE WuU1Ec29Vabv5X62UY18OZ0GmGXLPlR3EmCS YkP5wMheEM5dQBZUa4XQkbU0MZunjKLoRg9e R1aF/XAscPN9VGvYijBOdwAVcQwC004B6a0AI GY3iGV3jzlPfivXsfy9YNr5g5gz/yPn8AHi2 OPg==</latexit>
(l1, ⌧1)
<latexit sha1_base6 4="IJkO0GVoVS9aCxJ2bleRhytaOzo=">AAA B83icbZDLSsNAFIZP6q3WW9Wlm8EiVJCSiGC XBTcuK9gLNCFMppN26GQS5iKU0Ndw40IRt76M O9/GaZuFtv4w8PGfczhn/ijjTGnX/XZKG5tb 2zvl3cre/sHhUfX4pKtSIwntkJSnsh9hRTkT tKOZ5rSfSYqTiNNeNLmb13tPVCqWikc9zWiQ4 JFgMSNYW8uv89C78jU2oXcZVmtuw10IrYNXQ A0KtcPqlz9MiUmo0IRjpQaem+kgx1Izwums4 htFM0wmeEQHFgVOqAryxc0zdGGdIYpTaZ/QaO H+nshxotQ0iWxngvVYrdbm5n+1gdFxM8iZyI ymgiwXxYYjnaJ5AGjIJCWaTy1gIpm9FZExlp hoG1PFhuCtfnkdutcNz/LDTa3VLOIowxmcQx0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbC05xcw p/JHz+QNteZCX</latexit><latexit sha1_base6 4="IJkO0GVoVS9aCxJ2bleRhytaOzo=">AAA B83icbZDLSsNAFIZP6q3WW9Wlm8EiVJCSiGC XBTcuK9gLNCFMppN26GQS5iKU0Ndw40IRt76M O9/GaZuFtv4w8PGfczhn/ijjTGnX/XZKG5tb 2zvl3cre/sHhUfX4pKtSIwntkJSnsh9hRTkT tKOZ5rSfSYqTiNNeNLmb13tPVCqWikc9zWiQ4 JFgMSNYW8uv89C78jU2oXcZVmtuw10IrYNXQ A0KtcPqlz9MiUmo0IRjpQaem+kgx1Izwums4 htFM0wmeEQHFgVOqAryxc0zdGGdIYpTaZ/QaO H+nshxotQ0iWxngvVYrdbm5n+1gdFxM8iZyI ymgiwXxYYjnaJ5AGjIJCWaTy1gIpm9FZExlp hoG1PFhuCtfnkdutcNz/LDTa3VLOIowxmcQx0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbC05xcw p/JHz+QNteZCX</latexit><latexit sha1_base6 4="IJkO0GVoVS9aCxJ2bleRhytaOzo=">AAA B83icbZDLSsNAFIZP6q3WW9Wlm8EiVJCSiGC XBTcuK9gLNCFMppN26GQS5iKU0Ndw40IRt76M O9/GaZuFtv4w8PGfczhn/ijjTGnX/XZKG5tb 2zvl3cre/sHhUfX4pKtSIwntkJSnsh9hRTkT tKOZ5rSfSYqTiNNeNLmb13tPVCqWikc9zWiQ4 JFgMSNYW8uv89C78jU2oXcZVmtuw10IrYNXQ A0KtcPqlz9MiUmo0IRjpQaem+kgx1Izwums4 htFM0wmeEQHFgVOqAryxc0zdGGdIYpTaZ/QaO H+nshxotQ0iWxngvVYrdbm5n+1gdFxM8iZyI ymgiwXxYYjnaJ5AGjIJCWaTy1gIpm9FZExlp hoG1PFhuCtfnkdutcNz/LDTa3VLOIowxmcQx0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbC05xcw p/JHz+QNteZCX</latexit><latexit sha1_base6 4="IJkO0GVoVS9aCxJ2bleRhytaOzo=">AAA B83icbZDLSsNAFIZP6q3WW9Wlm8EiVJCSiGC XBTcuK9gLNCFMppN26GQS5iKU0Ndw40IRt76M O9/GaZuFtv4w8PGfczhn/ijjTGnX/XZKG5tb 2zvl3cre/sHhUfX4pKtSIwntkJSnsh9hRTkT tKOZ5rSfSYqTiNNeNLmb13tPVCqWikc9zWiQ4 JFgMSNYW8uv89C78jU2oXcZVmtuw10IrYNXQ A0KtcPqlz9MiUmo0IRjpQaem+kgx1Izwums4 htFM0wmeEQHFgVOqAryxc0zdGGdIYpTaZ/QaO H+nshxotQ0iWxngvVYrdbm5n+1gdFxM8iZyI ymgiwXxYYjnaJ5AGjIJCWaTy1gIpm9FZExlp hoG1PFhuCtfnkdutcNz/LDTa3VLOIowxmcQx0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbC05xcw p/JHz+QNteZCX</latexit>
(l2, ⌧2)
<latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAA B2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQ puHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93 vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+g fugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJ Cp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUC k7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJx a0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRt Rxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7G a2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNC hIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn 4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6u uat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base6 4="U9tuOAAm6FInR9PQmZ6B25I09Kg=">AAA B6HicbZDNSgMxFIXv1L9aq1a3boJFqCBlpht dCm5cVrCt0BmGTJppQzOZIbkRSulruHGhiE/k zrcx/Vlo64HAxzkJ9+YkhRQGff/bK21t7+zu lfcrB9XDo+PaSbVrcqsZ77Bc5vopoYZLoXgH BUr+VGhOs0TyXjK+m+e9Z66NyNUjTgoeZXSoR CoYRWeFDRm3rkKkNm5dxrW63/QXIpsQrKAOK 7Xj2lc4yJnNuEImqTH9wC8wmlKNgkk+q4TW8 IKyMR3yvkNFM26i6WLnGblwzoCkuXZHIVm4v1 9MaWbMJEvczYziyKxnc/O/rG8xvYmmQhUWuW LLQamVBHMyL4AMhOYM5cQBZVq4XQkbUU0Zup oqroRg/cub0G01A8cPPpThDM6hAQFcwy3cQxs 6wKCAF3iDd896r97Hsq6St+rtFP7I+/wBOLO PRQ==</latexit><latexit sha1_base6 4="U9tuOAAm6FInR9PQmZ6B25I09Kg=">AAA B6HicbZDNSgMxFIXv1L9aq1a3boJFqCBlpht dCm5cVrCt0BmGTJppQzOZIbkRSulruHGhiE/k zrcx/Vlo64HAxzkJ9+YkhRQGff/bK21t7+zu lfcrB9XDo+PaSbVrcqsZ77Bc5vopoYZLoXgH BUr+VGhOs0TyXjK+m+e9Z66NyNUjTgoeZXSoR CoYRWeFDRm3rkKkNm5dxrW63/QXIpsQrKAOK 7Xj2lc4yJnNuEImqTH9wC8wmlKNgkk+q4TW8 IKyMR3yvkNFM26i6WLnGblwzoCkuXZHIVm4v1 9MaWbMJEvczYziyKxnc/O/rG8xvYmmQhUWuW LLQamVBHMyL4AMhOYM5cQBZVq4XQkbUU0Zup oqroRg/cub0G01A8cPPpThDM6hAQFcwy3cQxs 6wKCAF3iDd896r97Hsq6St+rtFP7I+/wBOLO PRQ==</latexit><latexit sha1_base6 4="WtsXOcJgzRDuewPqOG8rkosFGpE=">AAA B83icbZDLSsNAFIZP6q3WW9Wlm8EiVJCSdGO XBTcuK9gLNCFMppN26GQS5iKU0Ndw40IRt76M O9/GaZuFtv4w8PGfczhn/ijjTGnX/XZKW9s7 u3vl/crB4dHxSfX0rKdSIwntkpSnchBhRTkT tKuZ5nSQSYqTiNN+NL1b1PtPVCqWikc9y2iQ4 LFgMSNYW8uv87B542tswuZ1WK25DXcptAleA TUo1AmrX/4oJSahQhOOlRp6bqaDHEvNCKfzi m8UzTCZ4jEdWhQ4oSrIlzfP0ZV1RihOpX1Co6 X7eyLHiVKzJLKdCdYTtV5bmP/VhkbHrSBnIj OaCrJaFBuOdIoWAaARk5RoPrOAiWT2VkQmWG KibUwVG4K3/uVN6DUbnuUHt9ZuFXGU4QIuoQ4 e3EIb7qEDXSCQwTO8wptjnBfn3flYtZacYuY c/sj5/AFvSpCV</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit><latexit sha1_base6 4="mwAJvc1FjhK1/Oo+um/xN11zDzo=">AAA B83icbZDLSsNAFIZPvNZ6q7p0M1iEClKSIth lwY3LCvYCTQiT6aQdOpmEuQgl9DXcuFDErS/j zrdx2mahrT8MfPznHM6ZP8o4U9p1v52Nza3t nd3SXnn/4PDouHJy2lWpkYR2SMpT2Y+wopwJ 2tFMc9rPJMVJxGkvmtzN670nKhVLxaOeZjRI8 EiwmBGsreXXeNi49jU2YeMqrFTdursQWgevg CoUaoeVL3+YEpNQoQnHSg08N9NBjqVmhNNZ2 TeKZphM8IgOLAqcUBXki5tn6NI6QxSn0j6h0c L9PZHjRKlpEtnOBOuxWq3Nzf9qA6PjZpAzkR lNBVkuig1HOkXzANCQSUo0n1rARDJ7KyJjLD HRNqayDcFb/fI6dBt1z/LDTbXVLOIowTlcQA0 8uIUW3EMbOkAgg2d4hTfHOC/Ou/OxbN1wipk z+CPn8wdwipCZ</latexit>
(l3, ⌧3)
<latexit sha1_base6 4="VnZq9aNna4edMwjCAYTGD33LmnY=">AAA B83icbZDLSgMxFIYz9VbrrerSTbAIFaTMWME uC25cVrAX6AxDJs20oZnMkJwIpfQ13LhQxK0v 4863MW1noa0/BD7+cw7n5I8ywTW47rdT2Njc 2t4p7pb29g8Oj8rHJx2dGkVZm6YiVb2IaCa4 ZG3gIFgvU4wkkWDdaHw3r3efmNI8lY8wyViQk KHkMacErOVXRVi/8oGYsH4ZlituzV0Ir4OXQ wXlaoXlL3+QUpMwCVQQrfuem0EwJQo4FWxW8 o1mGaFjMmR9i5IkTAfTxc0zfGGdAY5TZZ8EvH B/T0xJovUkiWxnQmCkV2tz879a30DcCKZcZg aYpMtFsREYUjwPAA+4YhTExAKhittbMR0RRS jYmEo2BG/1y+vQua55lh9uKs1GHkcRnaFzVEU eukVNdI9aqI0oytAzekVvjnFenHfnY9lacPK ZU/RHzucPc5uQmw==</latexit><latexit sha1_base6 4="VnZq9aNna4edMwjCAYTGD33LmnY=">AAA B83icbZDLSgMxFIYz9VbrrerSTbAIFaTMWME uC25cVrAX6AxDJs20oZnMkJwIpfQ13LhQxK0v 4863MW1noa0/BD7+cw7n5I8ywTW47rdT2Njc 2t4p7pb29g8Oj8rHJx2dGkVZm6YiVb2IaCa4 ZG3gIFgvU4wkkWDdaHw3r3efmNI8lY8wyViQk KHkMacErOVXRVi/8oGYsH4ZlituzV0Ir4OXQ wXlaoXlL3+QUpMwCVQQrfuem0EwJQo4FWxW8 o1mGaFjMmR9i5IkTAfTxc0zfGGdAY5TZZ8EvH B/T0xJovUkiWxnQmCkV2tz879a30DcCKZcZg aYpMtFsREYUjwPAA+4YhTExAKhittbMR0RRS jYmEo2BG/1y+vQua55lh9uKs1GHkcRnaFzVEU eukVNdI9aqI0oytAzekVvjnFenHfnY9lacPK ZU/RHzucPc5uQmw==</latexit><latexit sha1_base6 4="VnZq9aNna4edMwjCAYTGD33LmnY=">AAA B83icbZDLSgMxFIYz9VbrrerSTbAIFaTMWME uC25cVrAX6AxDJs20oZnMkJwIpfQ13LhQxK0v 4863MW1noa0/BD7+cw7n5I8ywTW47rdT2Njc 2t4p7pb29g8Oj8rHJx2dGkVZm6YiVb2IaCa4 ZG3gIFgvU4wkkWDdaHw3r3efmNI8lY8wyViQk KHkMacErOVXRVi/8oGYsH4ZlituzV0Ir4OXQ wXlaoXlL3+QUpMwCVQQrfuem0EwJQo4FWxW8 o1mGaFjMmR9i5IkTAfTxc0zfGGdAY5TZZ8EvH B/T0xJovUkiWxnQmCkV2tz879a30DcCKZcZg aYpMtFsREYUjwPAA+4YhTExAKhittbMR0RRS jYmEo2BG/1y+vQua55lh9uKs1GHkcRnaFzVEU eukVNdI9aqI0oytAzekVvjnFenHfnY9lacPK ZU/RHzucPc5uQmw==</latexit><latexit sha1_base6 4="VnZq9aNna4edMwjCAYTGD33LmnY=">AAA B83icbZDLSgMxFIYz9VbrrerSTbAIFaTMWME uC25cVrAX6AxDJs20oZnMkJwIpfQ13LhQxK0v 4863MW1noa0/BD7+cw7n5I8ywTW47rdT2Njc 2t4p7pb29g8Oj8rHJx2dGkVZm6YiVb2IaCa4 ZG3gIFgvU4wkkWDdaHw3r3efmNI8lY8wyViQk KHkMacErOVXRVi/8oGYsH4ZlituzV0Ir4OXQ wXlaoXlL3+QUpMwCVQQrfuem0EwJQo4FWxW8 o1mGaFjMmR9i5IkTAfTxc0zfGGdAY5TZZ8EvH B/T0xJovUkiWxnQmCkV2tz879a30DcCKZcZg aYpMtFsREYUjwPAA+4YhTExAKhittbMR0RRS jYmEo2BG/1y+vQua55lh9uKs1GHkcRnaFzVEU eukVNdI9aqI0oytAzekVvjnFenHfnY9lacPK ZU/RHzucPc5uQmw==</latexit>
k1
<latexit sha1_base6 4="0LescA4fkYFgxWNGJF+OYk94K+8=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEey x4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUX efPfuE1z0NYXFh7emWFn3iCRwqDrfjuljc2t 7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQ vI0CJe8lmtMokLwbTG8X9e4T10bE6hFnCfcjO lYiFIyitR6mQ29Yrbl1NxdZB6+AGhRqDatfg 1HM0ogrZJIa0/fcBP2MahRM8nllkBqeUDalY 963qGjEjZ/lq87JhXVGJIy1fQpJ7v6eyGhkzC wKbGdEcWJWawvzv1o/xbDhZ0IlKXLFlh+FqS QYk8XdZCQ0ZyhnFijTwu5K2IRqytCmU7EheK snr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II 2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AfT TjYk=</latexit><latexit sha1_base6 4="0LescA4fkYFgxWNGJF+OYk94K+8=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEey x4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUX efPfuE1z0NYXFh7emWFn3iCRwqDrfjuljc2t 7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQ vI0CJe8lmtMokLwbTG8X9e4T10bE6hFnCfcjO lYiFIyitR6mQ29Yrbl1NxdZB6+AGhRqDatfg 1HM0ogrZJIa0/fcBP2MahRM8nllkBqeUDalY 963qGjEjZ/lq87JhXVGJIy1fQpJ7v6eyGhkzC wKbGdEcWJWawvzv1o/xbDhZ0IlKXLFlh+FqS QYk8XdZCQ0ZyhnFijTwu5K2IRqytCmU7EheK snr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II 2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AfT TjYk=</latexit><latexit sha1_base6 4="0LescA4fkYFgxWNGJF+OYk94K+8=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEey x4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUX efPfuE1z0NYXFh7emWFn3iCRwqDrfjuljc2t 7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQ vI0CJe8lmtMokLwbTG8X9e4T10bE6hFnCfcjO lYiFIyitR6mQ29Yrbl1NxdZB6+AGhRqDatfg 1HM0ogrZJIa0/fcBP2MahRM8nllkBqeUDalY 963qGjEjZ/lq87JhXVGJIy1fQpJ7v6eyGhkzC wKbGdEcWJWawvzv1o/xbDhZ0IlKXLFlh+FqS QYk8XdZCQ0ZyhnFijTwu5K2IRqytCmU7EheK snr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II 2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AfT TjYk=</latexit><latexit sha1_base6 4="0LescA4fkYFgxWNGJF+OYk94K+8=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEey x4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUX efPfuE1z0NYXFh7emWFn3iCRwqDrfjuljc2t 7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQ vI0CJe8lmtMokLwbTG8X9e4T10bE6hFnCfcjO lYiFIyitR6mQ29Yrbl1NxdZB6+AGhRqDatfg 1HM0ogrZJIa0/fcBP2MahRM8nllkBqeUDalY 963qGjEjZ/lq87JhXVGJIy1fQpJ7v6eyGhkzC wKbGdEcWJWawvzv1o/xbDhZ0IlKXLFlh+FqS QYk8XdZCQ0ZyhnFijTwu5K2IRqytCmU7EheK snr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II 2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AfT TjYk=</latexit>
k2
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<latexit sha1_base6 4="m2gPDQDJaDA9HZlnDSV4YOtOmoM=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLdh jwYvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3 tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX 2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER 5KHnFFjrYfJ4HpQrrhVdyGyDl4OFcjVHJS/+ sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR 9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1t MosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmA piYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN 7qyevQvqp6lu9rlUY9j6MIZ3AOl+DBDTTgDpr QAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP/f bjYs=</latexit><latexit sha1_base6 4="m2gPDQDJaDA9HZlnDSV4YOtOmoM=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLdh jwYvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3 tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX 2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER 5KHnFFjrYfJ4HpQrrhVdyGyDl4OFcjVHJS/+ sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR 9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1t MosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmA piYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN 7qyevQvqp6lu9rlUY9j6MIZ3AOl+DBDTTgDpr QAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP/f bjYs=</latexit><latexit sha1_base6 4="m2gPDQDJaDA9HZlnDSV4YOtOmoM=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLdh jwYvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3 tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX 2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER 5KHnFFjrYfJ4HpQrrhVdyGyDl4OFcjVHJS/+ sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR 9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1t MosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmA piYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN 7qyevQvqp6lu9rlUY9j6MIZ3AOl+DBDTTgDpr QAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP/f bjYs=</latexit><latexit sha1_base6 4="m2gPDQDJaDA9HZlnDSV4YOtOmoM=">AAA B6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLdh jwYvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3 tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX 2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER 5KHnFFjrYfJ4HpQrrhVdyGyDl4OFcjVHJS/+ sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR 9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1t MosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmA piYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN 7qyevQvqp6lu9rlUY9j6MIZ3AOl+DBDTTgDpr QAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP/f bjYs=</latexit>
= +iλ(k1·k2)
∫ τf
τ0
dτ a(τ)G+a1(k1, τ ; l1, τ1)G+a2(k2, τ ; l2, τ2)
∂
∂τ3
G+a3(k3, τ ; l3, τ
′
3) · · ·+permutations ,
(22)
and for the diagram with a white dot instead of a black one, there is a minus sign in the expression. The sum of all
diagrams gives us the expectation value with the overall momentum conserving delta function stripped off, i.e. the quantity
〈φk1 · · ·φkn〉′, such that 〈φk1 · · ·φkn〉 = (2pi)3δ3(
∑
i ki)〈φk1 · · ·φkn〉′.
5III. EXTRACTING OPERATORS FROM VERTICES
In this section, we consider general diagrams for the curvature perturbation ζ (whose mode function takes the form of a
massless scalar field in dS space), with cubic interactions
κ
3!
aζ ′3 and
µ
2
aζ ′(∂ζ)2. Our goal is to construct an operator OD
such that for a diagram D of ζ, it equals to that operator acting on the same diagram, but with a massless scalar φ on the
Minkowski space with
λ
3!
φ3 coupling,
〈ζk1 · · · ζkn〉′D = OD〈φk1 · · ·φkn〉′D , (23)
and both n-point functions are evaluated at τ = 0. In this section we will introduce how can we get such an operator. And
in appendix A, we will show that for each vertex there is a differential operator associated to it, independent of the ways of
contractions, and whether the legs attached to the vertices being internal or external. Also, since we will take the momentum
of the internal legs to be different at the two ends, and the operators associated to each vertex will only be depend on the
momenta of the legs attached to it, the operators from each vertex will be independent and so they can commute with the
propagators that are not attached to the relevant vertex. Therefore, we can pull these operators to the front of the whole
diagram and get a complete operator that transform the diagram in flat space into the diagram in dS space. The result will
be of the form
〈ζk1 · · · ζkn〉′D =
(∏
i
Oi
)
〈φk1 · · ·φkn〉′D , (24)
where the index i counts the vertices. Throughout this article, we will use G and uk to denote propagators and mode
functions for massless scalar field in the Minkowski space, and in de Sitter space we use F and vk. The mode functions
are the solutions of the equation of motion (the Klein-Gordon equation) in the Fourier space. In the Minkowski space, it is
simply
u′′k(τ) + k
2uk(τ) = 0 , (25)
and its solution is
uk(τ) =
1√
2k
e−ikτ . (26)
The coefficient 1/
√
2k is fixed by the usual normalization condition:
uku
∗′
k − u∗ku′k = i . (27)
In de Sitter space, the equation of motion is
(avk)
′′ +
(
k2 − a
′′
a
)
(avk) = 0 , (28)
The solution is
vk(τ) =
H√
2k3
(1 + ikτ)e−ikτ . (29)
The coefficient H/
√
2k3 is fixed by the condition:
a2(vkv
∗′
k − v∗kv′k) = i . (30)
In both dS and Minkowski space, we focus on the Bunch-Davis vacuum. For our formalism, we first strip those coefficients,
i.e, we will write uk = e
−ikτ and vk = (1 + ikτ)e−ikτ , which can be easily restored. Also we set the Hubble parameter to be
H = 1 for convenience.
A. The Method for Extracting the Operators
Consider a general diagram D with the i-th vertex being a aζ ′3. The diagram will translate to the expression
〈ζk1ζk2 · · · 〉′D =
∑
A
∫ 0
−∞
dτi
∫
dT · · ·
(
− 1
τi
)
∂
∂τi
[VjFaiaj (li, τi; lj , τj)] ∂∂τi [VkFaiak(l′i, τi; lk, τk)] ∂∂τi [VlFaial(l′′i , τi; ll, τl)] · · · ,
(31)
6where
∑
A
means
∑
ai=± (
∏
i ai),
∫
dT denotes collectively all other time integrals, and Vj , Vk, Vl are the factors due to the
possible space or time derivative from the vertex at time τj , τk, τl, respectively. The method we use is rather simple, but
sometimes powerful: we replace every τi in the integral by ±iK ∂
∂K
, where K is any one of the momenta attached to the
vertex, i.e. li, l
′
i or l
′′
i . Since now we have a derivative with respect to the momenta, which is independent on time, we can
pull this derivative out of the integral. Then we will see that the integral left is just the expression for exactly the same
diagram we are considering, but is in the flat space with direct interaction.
Now we illustrate how it works. From the above integral we can see that the quantity relevant to the aζ ′3 vertex will be(
− 1
τi
)(
∂
∂τi
vli(τi)
)(
∂
∂τi
vl′i(τi)
)(
∂
∂τi
vl′′i (τi)
)
=
(
− 1
τi
)(
∂
∂τi
(1 + iliτi)e
−iliτi
)(
∂
∂τi
(1 + il′iτi)e
−il′iτi
)(
∂
∂τi
(1 + il′′i τi)e
−il′′i τi
)
=
(
− 1
τi
)(
l2i τie
−iliτi) (l′i2τie−il′iτi)(l′′i 2τie−il′′i τi)
= −l2i l′i2l′′i 2τ2i e−i(li+l
′
i+l
′′
i )τi
(32)
and also its complex conjugate. Now we can replace the τ2i with −K
∂
∂K
, then we can pull the whole thing except the
exponential out of the time integral. The only thing left inside the time integral is now e−i(li+l
′
i+l
′′
i )τi = uli(τi)ul′i(τi)ul′′i (τi),
which is associated to the φ3 vertex in flat space. So the operator associated to the aζ ′3 vertex is
aζ ′3 : k21k
2
2k
2
3
∂2
∂K2
, (33)
This procedure can be done for any other kinds of interactions. For example, for the aζ ′(∂ζ)2 vertex, we have(
− 1
τi
)
(li · l′i) vli(τi)vl′i(τi)
(
∂
∂τi
vl′′i (τi)
)
=
(
− 1
τi
)
(li · l′i) [(1 + iliτi)uli(τi)][(1 + il′iτi)ul′i(τi)][l′′i
2
τiul′′i (τi)] . (34)
Then we replace (1 + iliτi) with
(
1− l1 ∂
∂l1
)
and (1 + il′iτi) with
(
1− l′1
∂
∂l′1
)
. So the operator associated to the aζ ′(∂ζ)2
vertex is
aζ ′(∂ζ)2 : (k1 · k2)k23
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)
, (35)
IV. A RECURSION RELATION FOR TREE-LEVEL CORRELATION FUNCTIONS IN THE MINKOWSKI
SPACE
A. A Simple Example: Exchange Diagram
We start with a simple example: consider the s-channel exchange diagram for a 4-point function with a massless φ3 theory,
evaluated at τ = 0,
k1
k2
l1 l2
k3
k4
FIG. 1: The tree level diagram for 4-point function in φ3 theory.
7The grey dots are + or − type vertices. The contribution from this diagram is
〈φk1φk2φk3φk4〉′s = −λ2
∑
A
∫ 0
−∞
dτ1
∫ 0
−∞
dτ2
[
Ga1(k1; τ1)Ga1(k2; τ1)Ga1a2(l1, τ1; l2, τ2)Ga2(k3; τ2)Ga2(k4; τ2)
]
(36)
the subscript s indicates this is the s-channel contribution only. The propagators are
G++(l1, τ1; l2, τ2) = G
∗
−−(l1, τ1; l2, τ2) = e
−i(l1τ1−l2τ2)θ(τ1 − τ2) + ei(l1τ1−l2τ2)θ(τ2 − τ1)
G−+(l1, τ1; l2, τ2) = G∗+−(l1, τ1; l2, τ2) = e
−i(l1τ1−l2τ2)
G+(k; τ) = G
∗
−(k; τ) = e
ikτ
(37)
We can also write the bulk propagator G++ as
G++(l1, τ1; l2, τ2) = − 1
pii
∫ ∞
−∞
eiω(l1τ1−l2τ2)
ω2 − 1 + i dω (38)
For G−−, we simply take the complex conjugate. This equality is in fact not exact: it is only true after we impose the
condition l1 = l2 = l12, and before imposing it we will get step functions θ(liτi − ljτj) instead of θ(τi − τj). However as long
as there is no derivatives with respect to the l’s, everything will be fine after we take l1 = l2 = l12.
Consider the first two terms in (36). Performing the τ1 integral, we get∫ 0
−∞
dτ1 [G+(k1; τ1)G+(k2; τ1)G++(l1, τ1; l2, τ2)−G−(k1; τ1)G−(k2; τ1)G−+(l1, τ1; l2, τ2)]G+(k3; τ2)G+(k4; τ2)
=
[
− 1
pii
∫ ∞
−∞
dω
∫ 0
−∞
dτ1 e
i(k1+k2)τ1
eiω(l1τ1−l2τ2)
ω2 − 1 + i −
∫ 0
−∞
dτ1 e
−i(k1+k2)τ1e−i(l1τ1−l2τ2)
]
ei(k3+k4)τ2
=
[
1
pi
∫ ∞
−∞
dω
1
ωl1 − (−(k1 + k2) + i)
e−iωl2τ2
ω2 − 1 + i −
i
(k1 + k2) + l1
eil2τ2
]
ei(k3+k4)τ2
= i
[
2
(
lim
ω→−(k1+k2)/l1
e−iωl2τ2
l1(ω2 − 1) + limω→−1
1
ωl1 + (k1 + k2)
e−iωl2τ2
ω − 1
)
− e
il2τ2
(k1 + k2) + l1
]
ei(k3+k4)τ2
= i
[
2
(
l1e
i(k1+k2)(l2/l1)τ2
(k1 + k2)2 − l21
− 1
(k1 + k2)− l1
eil2τ2
2
)
− e
il2τ2
(k1 + k2) + l1
]
ei(k3+k4)τ2
=
2i
(k1 + k2)2 − l21
[
l1e
i((k1+k2)(l2/l1)+k3+k4)τ2 − (k1 + k2)ei(l2+k3+k4)τ2
]
(39)
which means that a 4-point function can be reduced to a sum of some 3-point functions (with appropriate weightings), if
we consider (k1 + k2)
l2
l1
as the magnitude of the momentum of an external leg in an unphysical 3-point function (since the
momentum is not conserved in this 3-point function). For this reason, we will call this k˜12 from now on, while we leave the
symbol k12 for k1 + k2. The third and forth terms in (36) simply give us the complex conjugate of (39). Finally we do the
τ2 integral and the result is
〈φk1φk2φk3φk4〉′s = −
4λ2
k212 − l21
(
l1
k˜12 + k3 + k4
− k12
l2 + k3 + k4
)
. (40)
It is easy to check that it is the same as the result by directly integrating (36). Notice that the three-point function with
external momenta k1, k2 and k3 is 〈φk1φk2φk3〉′ = −2λ/(k1 + k2 + k3), so the equation above can also be written as
〈φk1φk2φk3φk4〉′s =
2λ
k212 − l21
(
l1〈φk˜12φk3φk4〉′ − k12〈φl2φk3φk4〉′
)
(41)
where |k˜12| = k˜12.
B. General Diagrams
The above recursion relation can be easily generalized to any tree-level diagrams. In fact, even if the diagram contains
loops, we still have the same recursion for every vertices that have only one internal leg attached to it, and this process can
be iterated until there are no such vertices left. To show this, we consider a general diagram D with n vertices, and consider
one of such vertices.
8k1
k2
l1 l2 D0
FIG. 2: A general diagram with a vertices that have only one internal leg attached to it.
This diagram represents
〈φk1φk2 · · · 〉′D = −iλ
∑
a1=±
a1
[ ∫ 0
−∞
dτ1
∫ 0
−∞
dτ2 Ga1(k1; τ1)Ga1(k2; τ1)Ga1+(l1, τ1; l2, τ2)D′+
−
∫ 0
−∞
dτ1
∫ 0
−∞
dτ2 Ga1(k1; τ1)Ga1(k2; τ1)Ga1−(l1, τ1; l2, τ2)D′−
] (42)
where D′± is the value of D′ with the vertex at τ = τ2 being + and −, respectively. Schematically,
D′± = (−iλ)n−1
∑
A′
∫ 0
−∞
dτ3 · · ·
∫ 0
−∞
dτn
∏
i≥2
Gai
∏
j,k≥2
Gajak , (43)
where
∏
i≥2
Gai means the product of the external legs and
∏
j,k≥2
Gajak means the product of the internal legs, andA′ = A−{a1}.
Then following the derivation as in (39), we have∫ 0
−∞
dτ1
∫ 0
−∞
dτ2 Ga1(k1; τ1)Ga1(k2; τ1)Ga1±(l1, τ1; l2, τ2)D′± =
±2i
k212 − l21
∫ 0
−∞
dτ2
(
l1e
±ik˜12τ2D′± − k12e±il2τ2D′±
)
=
±2i
k212 − l21
(
l1D′±(k˜12)− k12D′±(l2)
)
,
(44)
where D′±(k) :=
∫
dτ2e
±ikτ2D′± is the value of the diagram with an external leg of momentum k attached to D′±. Then we
can write
〈φk1φk2 · · · 〉′D =
2λ
k212 − l21
(
l1〈φk˜12 · · · 〉′D′ − k12〈φl2 · · · 〉′D′
)
. (45)
For diagrams without loops, if we iterate this process over and over, the correlation function can be reduced to a linear
combination of 2n three-point functions.
V. RECURSION RELATIONS IN DE SITTER SPACE
With the operators constructed in Section III, we can translate the recursion relation obtained in Section IV by applying
the operators on the both sides of (45). In this section, we demonstrate how to apply this method on the recursion relation
of an exchange diagram in de Sitter space with
κ
3!
aζ ′3 and
µ
2
aζ ′∂ζ∂ζ interactions.
A.
κ
3!
aζ′3
Recall that for a four-point function, we have
〈φk1φk2φk3φk4〉′s =
2λ
k212 − l21
(l1〈φk12φk3φk4〉′ − k12〈φl2φk3φk4〉′) . (46)
9For the diagram with both of the vertices being aζ ′3, we apply the operator k21k
2
2k
2
3
∂2
∂K2
for both of the vertices. Since
there are external legs attached to both vertices, we can choose the K to be external momenta so that we can set l1 = l2 = l12
first. The left hand side simply becomes the four-point function for ζ in dS. So we have
〈ζk1ζk2ζk3ζk4〉′s =
(
k21k
2
2l
2
12
∂2
∂k21
)(
k23k
2
4l
2
12
∂2
∂k23
)[
2λ
k212 − l212
(l12〈φk12φk3φk4〉′ − k12〈φl12φk3φk4〉′)
]
. (47)
For the right hand side, first, the operator
(
k23k
2
4l
2
12
∂2
∂k23
)
can be directly act on the three-point functions since the derivative
is independent of k12 and l12. This gives
k23k
2
4l
2
12
∂2
∂k23
〈φk12φk3φk4〉′ =
(
l212
k212
)
k23k
2
4k
2
12
∂2
∂k23
〈φk12φk3φk4〉′ =
(
l212
k212
)
λ
κ
〈ζk12ζk3ζk4〉′ ,
k23k
2
4l
2
12
∂2
∂k23
〈φl12φk3φk4〉′ =
λ
κ
〈ζl12ζk3ζk4〉′ .
(48)
Then we can express the final answer as derivatives of the three-point functions:
〈ζk1ζk2ζk3ζk4〉′s =
(
k21k
2
2l
2
12
∂2
∂k21
)[
2λ2/κ
k212 − l212
(
l312
k212
〈ζk12ζk3ζk4〉′ − k12〈ζl12ζk3ζk4〉′
)]
. (49)
B.
µ
2
aζ′∂ζ∂ζ
For the diagram with both of the vertices being aζ ′∂ζ∂ζ, there are four different relevant diagrams (up to the permutations
k1 ↔ k2 and k3 ↔ k4), which have different internal legs. The ζ ′ − ζ ′ one, the ζ ′ − ∂ζ one, the ∂ζ − ζ ′ one, and the ∂ζ − ∂ζ
one. This time we apply the operator
[
(k1 · k2)k23
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)]
on both of the vertices:
ζ ′ − ζ ′ : (k1 · k2)(k3 · k4)l21l22
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)(
1− k3 ∂
∂k3
)(
1− k4 ∂
∂k4
)
, (50)
ζ ′ − ∂ζ : (k1 · k2)(k3 · l2)l21k24
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)(
1− k3 ∂
∂k3
)(
1− l2 ∂
∂l2
)
, (51)
∂ζ − ζ ′ : (l1 · k2)(k3 · k4)k21l22
(
1− l1 ∂
∂l1
)(
1− k2 ∂
∂k2
)(
1− k3 ∂
∂k3
)(
1− k4 ∂
∂k4
)
, (52)
∂ζ − ∂ζ : (l1 · k2)(k3 · l2)k21k24
(
1− l1 ∂
∂l1
)(
1− k2 ∂
∂k2
)(
1− k3 ∂
∂k3
)(
1− l2 ∂
∂l2
)
. (53)
Again, the operator associated to the second vertex can be directly act on the three-point functions and give us dS three-point
functions:
(k3 · k4)l22
(
1− k3 ∂
∂k3
)(
1− k4 ∂
∂k4
)
〈φk˜12φk3φk4〉′ =
l22
k˜212
(k3 · k4)k˜212
(
1− k3 ∂
∂k3
)(
1− k4 ∂
∂k4
)
〈φk˜12φk3φk4〉′
=
l21
k212
λ
µ
〈ζt
k˜12
ζk3ζk4〉′ ,
(k3 · k4)l22
(
1− k3 ∂
∂k3
)(
1− k4 ∂
∂k4
)
〈φl2φk3φk4〉′ =
λ
µ
〈ζtl2ζk3ζk4〉′ .
(54)
where the superscript t in ζt indicates that this field is contracted to the ζ˙ field from the vertex. That is, the 〈· · · 〉 on
the right hand side are not the complete tree-level three point function, and in this notation it should be 〈ζk1ζk2ζk3〉′ =
〈ζtk1ζk2ζk3〉′ + 〈ζk1ζtk2ζk3〉′ + 〈ζk1ζk2ζtk3〉′.
Then, for ζ ′ − ζ ′ we get
〈ζk1ζk2ζk3ζk4〉′ζ′−ζ′ = (k1 · k2)l21
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)[
2λ2/µ
k212 − l21
(
l31
k212
〈ζtk12ζk3ζk4〉′ − k12〈ζtl2ζk3ζk4〉′
)] ∣∣∣∣∣
l1=l2=l12
.
(55)
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For ∂ζ − ζ ′ we have
〈ζk1ζk2ζk3ζk4〉′∂ζ−ζ′ = (l1 · k2)k21
(
1− l1 ∂
∂l1
)(
1− k2 ∂
∂k2
)[
2λ2/µ
k212 − l21
(
l31
k212
〈ζtk12ζk3ζk4〉′ − k12〈ζtl2ζk3ζk4〉′
)] ∣∣∣∣∣
l1=l2=l12
.
(56)
For ζ ′ − ∂ζ, observe that
l2
∂
∂l2
〈φk˜12φk3φk4〉′ = l2
∂
∂l2
f
(
k12
l2
l1
)
= k˜12
∂
∂k˜12
f(k˜12) = k˜12
∂
∂k˜12
〈φk˜12φk3φk4〉′ . (57)
Therefore we have
(k3 · l2)k24
(
1− k3 ∂
∂k3
)(
1− l2 ∂
∂l2
)
〈φk˜12φk3φk4〉′ =
k3 · l2
k3 · k˜12
(k3 · k˜12)k24
(
1− k3 ∂
∂k3
)(
1− k˜12 ∂
∂k˜12
)
〈φk˜12φk3φk4〉′
=
(
l1
l2
)
k3 · l2
k3 · k12
λ
µ
〈ζk˜12ζk3ζtk4〉′ ,
(k3 · l2)k24
(
1− k3 ∂
∂k3
)(
1− l2 ∂
∂l2
)
〈φl2φk3φk4〉′ =
λ
µ
〈ζl2ζk3ζtk4〉′ .
(58)
Then we get, for ζ ′ − ∂ζ,
〈ζk1ζk2ζk3ζk4〉′ζ′−∂ζ = (k1 · k2)l21
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)[
2λ2/µ
k212 − l21
(
l21
l2
k3 · l2
k3 · k12 〈ζk12ζk3ζ
t
k4〉′ − k12〈ζl2ζk3ζtk4〉′
)] ∣∣∣∣∣
l1=l2=l12
.
(59)
Finally, for ∂ζ − ∂ζ we need to first notice that for the bulk propagator
G++(l1, τ1; l2, τ2) = − 1
pii
∫ ∞
−∞
eiω(l1τ1−l2τ2)
ω2 − 1 + i dω , (60)
not only the second time derivatives
∂
∂τ1
∂
∂τ2
will give a delta function,
∂
∂l1
∂
∂l2
can also give a delta function:[
∂
∂l1
∂
∂l2
G>(l1, τ1; l2, τ2)
]
θ(τ1 − τ2) +
[
∂
∂l1
∂
∂l2
G<(l1, τ1; l2, τ2)
]
θ(τ2 − τ1)
= − 1
pii
∫ ∞
−∞
ω2τ1τ2e
iω(l1τ1−l2τ2)
ω2 − 1 + i dω −
2τ1τ2
l12
iδ(τ1 − τ2) .
(61)
When we derive the recursion relation in Minkowski space, we used the ω integral in (60) to replace the propagator, so
this delta function in (61) have to be subtracted manually from the recursion relation. Therefore, for the diagram with the
∂ζ − ∂ζ internal propagator we have to subtract the induced four-point function with the interaction term L ⊃ 2λl12ζ ′2ζ2
and the result will be
〈ζk1ζk2ζk3ζk4〉′∂ζ−∂ζ = (l1 · k2)k21
(
1− l1 ∂
∂l1
)(
1− k2 ∂
∂k2
)[
2λ2/µ
k212 − l21
(
l21
l2
k3 · l2
k3 · k12 〈ζk12ζk3ζ
t
k4〉′ − k12〈ζl2ζk3ζtk4〉′
)] ∣∣∣∣∣
l1=l2=l12
− (l12 · k2)(l12 · k3)〈ζtk1ζk2ζk3ζtk4〉′Induced .
(62)
where 〈ζtk1ζk2ζk3ζtk4〉′Induced is the four-point contact diagram with the interaction 2λl12ζ ′2ζ2 induced by the second mo-
mentum derivative. Note that derivatives like
∂
∂l1
∂
∂τ1
can also produce a delta function, but when calculating correlation
functions, they will not contribute to the final result if the late time limit is taken.
Summing over the four different contractions, we obtain the full s-channel contribution of the four-point function due to
the
µ
2
aζ ′∂ζ∂ζ interaction,
〈ζk1ζk2ζk3ζk4〉′s =
[
(k1 · k2)l21
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)
+ (k1 ↔ l1)
] [
2λ2/µ
k212 − l21
(
l31
k212
〈ζtk12ζk3ζk4〉′ − k12〈ζtl2ζk3ζk4〉′
)] ∣∣∣∣∣
l1=l2=l12
+
[
(k1 · k2)l21
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)
+ (k1 ↔ l1)
] [
2λ2/µ
k212 − l21
(
l21
l2
k3 · l2
k3 · k12 〈ζk12ζk3ζ
t
k4〉′ − k12〈ζl2ζk3ζtk4〉′
)] ∣∣∣∣∣
l1=l2=l12
− (l12 · k2)(l12 · k3)〈ζtk1ζk2ζk3ζtk4〉′Induced .
(63)
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One can also find the recursion relations for diagrams with both of these interactions, diagrams with more than two
vertices, etc., and the procedures will be the same as above.
VI. CONCLUSION
We developed the systematic way of constructing operators that relate the inflationary correlation function with Minkowski
correlation function. Given a diagram and the form of the vertices, the corresponding operator can be directly written down.
This formalism improved the generality, clarity and simplicity compared to our previous one developed in [38].
We also discussed the recursion relation directly at the correlation level. In our previous work, we first find a recursion
relation between higher-point and lower-point about the wave function of the universe and then using the recursion relation
between the wave function to obtain the recursion relation of the correlation function in flat spacetime. Afterwards, we use
the operator method to obtain the recursion relation in de Sitter space. In contrast, here we found that by using a similar
technique developed in [42], we can actually find a recursion relation for the correlation function in flat space directly. By
applying an appropriate operator, we can get the corresponding recursion relation in de Sitter space.
Acknowledgments
We thank Shingyan Li, Shiyun Lu and Xi Tong for useful discussions. This work is supported by ECS Grant 26300316
and GRF Grant 16301917 from the Research Grants Council of Hong Kong.
Appendix A: Constructions of the operators
In this appendix we will show the details of the constructions of the operators corresponds to different vertices in different
situation.
1.
κ
3!
aζ′3 vertex
Let’s start with a
κ
3!
aζ ′3 vertex. We first note that the time derivatives of F are
∂
∂τi
Fai(k, τi) = k
2τiGai(k, τi)
∂
∂τi
Faiaj (li, τi; lj , τj) = l
2
i τiF˜aiaj (li, τi; lj , τj)
+ δaiaj [(1 + iliτi)(1− iljτi)G>(li, τi; lj , τj)− (1− iliτi)(1 + iljτi)G<(li, τi; lj , τj)] δ(τi − τj) .
(A1)
where ai = ± and the ∼ symbol on F˜aiaj means the mode functions at time τi are replaced by the mode functions in flat
spacetime, that is,
F˜>(l1, τ1; l2, τ2) := uki(τi)v
∗
kj (τj) = [e
−il1τ1 ][(1− il2τ2)eil2τ2 ]
F˜<(l1, τ1; l2, τ2) := u
∗
ki(τi)vkj (τj) = [e
il1τ1 ][(1 + il2τ2)e
−il2τ2 ] .
(A2)
Notice that, for ai = aj , the time derivative gives a term with δ function due to the Heaviside step function in the propagator.
This term will vanish as we take the equal-momentum condition, l1 = l2 = l12. However, if there is a second derivative on
it, there will be one more extra term with a derivative of the δ function. This will not vanish and will induce higher order
interactions [35].
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a. Three external legs
We first consider the case with all the legs attached to the vertex being external. This corresponds to the tree level
bispectrum
〈ζk1ζk2ζk3〉′D =
∑
A
∫ 0
−∞
dτ1
(
− 1
τ1
)
∂
∂τ1
Fa1(k1, τ1)
∂
∂τ1
Fa1(k2, τ1)
∂
∂τ1
Fa1(k3, τ1)
=
∑
A
∫ 0
−∞
dτ1 k
2
1k
2
2k
2
3(−τ21 )Ga1(k1, τ1)Ga1(k2, τ1)Ga1(k3, τ1)
=
(
k21k
2
2k
2
3
∂2
∂K2
)∑
A
∫ 0
−∞
dτ1 Ga1(k1, τ1)Ga1(k2, τ1)Ga1(k3, τ1)
=
(
k21k
2
2k
2
3
∂2
∂K2
)
〈φk1φk2φk3〉′D .
(A3)
In the last line we are just replacing −τ21 with
∂2
∂K2
and pulling all the factors that are independent of time out of the time
integral, where K is any one of the momenta attached to the vertex at time τ1. The corresponding Feynman diagram is
shown in FIG. 3, with the red dashed line corresponding to the part of diagram we have used the operator to convert to dS.
k1
k2
k3
FIG. 3: The tree level diagram for three external legs.
b. Two external legs
Consider a general diagram D with a aζ ′3 vertex, and two of the legs from this vertex being external and one leg connected
to the other parts of D
〈ζk1ζk2 · · · 〉′D =
∑
A
∫ 0
−∞
dτ1
∫
dT
(
− 1
τ1
)
∂
∂τ1
Fa1(k1, τ1)
∂
∂τ1
Fa1(k2, τ1)
∂
∂τ1
[V2Fa1a2(l1, τ1; l2, τ2)] · · · , (A4)
where
∫
dT denotes all other time integrals (including the scale factor a(τi) associated to that vertex), and V2 comes from the
possible space or time derivative from the vertex at time τ2, so V2 could be 1, ∂τ2 or ±il2. And without loss of generality, we
have assumed the external lines attached to this vertex are k1 and k2. The subscript D is used to distinguish the contribution
of D from the full n-point function.
After evaluating the time derivatives, we may write
〈ζk1ζk2 · · · 〉′D =
∑
A
∫ 0
−∞
dτ1
∫
dT
(
− 1
τ1
)
k21k
2
2l
2
1τ
3
1Ga1(k1, τ1)Ga1(k2, τ1)V2F˜a1a2(l1, τ1; l2, τ2) · · ·
=
∑
A
∫ 0
−∞
dτ1
∫
dT k21k
2
2l
2
1(−τ21 )Ga1(k1, τ1)Ga1(k2, τ1)V2F˜a1a2(l1, τ1; l2, τ2) · · ·
=
(
k21k
2
2l
2
1
∂2
∂K2
)∑
A
∫ 0
−∞
dτ1
∫
dT Ga1(k1, τ1)Ga1(k2, τ1)V2F˜a1a2(l1, τ1; l2, τ2) · · · ,
(A5)
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where K is any one of the momenta attached to the vertex at time τ1. This equation can be understood as we have converted
the part associated with the τ1 vertex to Minkowski space.
k1
k2
FIG. 4: The tree level diagram for two external legs.
c. One external legs
Similarly, if only one leg is external,
〈ζk1ζk2 · · · 〉′D =
∑
A
∫ 0
−∞
dτ1
∫
dT
(
− 1
τ1
)
∂
∂τ1
Fa1(k1, τ1)
∂
∂τ1
ViFa1ai(l1, τ1; li, τi)
∂
∂τ1
VjFa1aj (l′1, τ1; lj , τj) · · ·
=
∑
A
∫ 0
−∞
dτ1
∫
dT k21l
2
1l
′2
1 (−τ21 )Ga1(k1, τ1)ViF˜a1ai(l1, τ1; li, τi)VjF˜a1aj (l′1, τ1; lj , τj) · · ·
=
(
k21l
2
1l
′2
1
∂2
∂K2
)∑
A
∫ 0
−∞
dτ1
∫
dT Ga1(k1, τ1)ViF˜a1ai(l1, τ1; li, τi)VjF˜a1aj (l′1, τ1; lj , τj) · · ·
(A6)
where li and lj are the internal momenta associate to the i-th and the j-th vertices, respectively.
k1
FIG. 5: The tree level diagram for one external leg.
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d. No external legs
If there is no external legs
〈ζk1ζk2 · · · 〉′D =
∑
A
∫ 0
−∞
dτ1
∫
dT
(
− 1
τ1
)
∂
∂τ1
ViFa1a2(l1, τ1; li, τi)
∂
∂τ1
VjFa1a2(l′1, τ1; lj , τj)
∂
∂τ1
VkFa1a2(l′′1 , τ1; lk, τk) · · ·
=
∑
A
∫ 0
−∞
dτ1
∫
dT l21l
′2
1 l
′′2
1 (−τ21 )ViF˜a1ai(l1, τ1; li, τi)VjF˜a1aj (l1, τ1; lj , τj)VkF˜a1ak(l′1, τ1; l′k, τ ′k) · · ·
=
(
l21l
′2
1 l
′′2
1
∂2
∂K2
)∑
A
∫ 0
−∞
dτ1
∫
dT ViF˜a1ai(l1, τ1; li, τi)VjF˜a1aj (l1, τ1; lj , τj)VkF˜a1ak(l′1, τ1; l′k, τ ′k) · · · ,
(A7)
where li, lj and lk are the internal momenta associate to the i-th, j-th and k-th vertices, respectively. As mentioned before,
the second derivative with respect to time will actually produce a contact term. So if any one of the V2, V ′2 and V ′′2 is a time
derivative, there will be a contact term. We will take care of it later.
Now we can conclude that a aζ ′3 vertex can be related to a φ3 vertex in the flat spacetime by an operator of the form,
aζ ′3 : k21k
2
2k
2
3
∂2
∂K2
, (A8)
where k1, k2, k3 are the momenta attached to the vertex and K is any one of the ki’s.
FIG. 6: The tree level diagram for no external leg.
e. Contact term
We will consider the case with two external legs attached to the τ1 vertex first. If the internal leg attached to this vertex
is ∂∂τ1 ∂2Fa1a2(l12, τ1; l12, τ2), then the a1 = a2 terms contain delta functions ±2il312δ(τ1 − τ2) and it act as a new interaction
15
term 2λ2a2ζ ′4:
(−iλ)2
∫ 0
−∞
dτ1
∫ 0
−∞
dτ2
∫
dT
(
1
τ1τ2
)[
∂
∂τ1
F+(k1, τ1)
∂
∂τ1
F+(k2, τ1)
[
2il312δ(τ1 − τ2)
]
∂2ViF++(l2, τ2; li, τi)∂2VjF++(l2, τ2; lj , τj) · · ·
+
∂
∂τ1
F−(k1, τ1)
∂
∂τ1
F−(k2, τ1)
[−2il312δ(τ1 − τ2)] ∂2ViF−−(l2, τ2; li, τi)∂2VjF−−(l2, τ2; lj , τj) · · · ]
= −2iλ2l312
(
−k21k22l22l′22
∂2
∂K2
)∫ 0
−∞
dτ1
∫
dT
[
G+(k1, τ1)G+(k2, τ1)ViF˜++(l2, τ1; li, τi)VjF˜++(l′2, τ1; lj , τj) · · ·
−G−(k1, τ1)G−(k2, τ1)ViG−−(l2, τ1; li, τi)VjG−−(l2, τ1; lj , τj) · · ·
]
.
(A9)
So for the 2λ2a2ζ ′4 vertex induced by aζ ′3 can be related to a φ4 vertex in the flat spacetime by
2λ2a2ζ ′4 : k21k
2
2k
2
3k
2
4
∂2
∂K2
, (A10)
where k1, k2, k3, k4 are the momenta attached to the vertex and K is any one of the ki’s.
2.
µ
2
aζ′(∂ζ)2 vertex
Now we consider a general diagram with a aζ ′(∂ζ)2 vertex. The cases with different numbers of external legs can be done
similarly as the aζ ′3 case. What is different from the aζ ′(∂ζ)2 case is that the field associated to the internal line can be
either ζ ′ or ∂ζ. We will check that for these two cases, the differential operators extracted are of the same form. We will
check with two of the legs from this vertex being external.
a. The field associated to the internal line is ζ′
In this case we have
〈ζk1ζk2 · · · 〉′D =
∑
A
∫ 0
−∞
dτ1
∫
dT
(
− 1
τ1
)
(−k1 · k2)Fa1(k1, τ1)Fa1(k2, τ1)
∂
∂τ1
V2Fa1a2(l1, τ1; l2, τ2) · · ·
=
∑
A
∫ 0
−∞
dτ1
∫
dT (k1 · k2)l21
[(
1− k1 ∂
∂k1
)
Ga1(k1, τ1)
] [(
1− k2 ∂
∂k2
)
Ga1(k2, τ1)
]
V2F˜a1a2(l1, τ1; l2, τ2) · · ·
=
[
(k1 · k2)l21
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)]∑
A
∫ 0
−∞
dτ1
∫
dT Ga1(k1, τ1)Ga1(k2, τ1)V2F˜a1a2(l1, τ1; l2, τ2) · · ·
(A11)
b. The field associated to the internal line is ∂ζ
In this case we have
〈ζk1ζk2 · · · 〉′D =
∑
A
∫ 0
−∞
dτ1
∫
dT
(
− 1
τ1
)
(−k1 · l1)Fa1(k1, τ1)
∂
∂τ1
Fa1(k2, τ1)V2Fa1a2(l1, τ1; l2, τ2) · · ·
=
∑
A
∫ 0
−∞
dτ1
∫
dT
(
− 1
τ1
)
(−k1 · l1)k22τ1
[(
1− k1 ∂
∂k1
)
Ga1(k1, τ1)
]
Ga1(k2, τ1)
(
1− l1 ∂
∂l1
)
V2F˜a1a2(l1, τ1; l2, τ2) · · ·
=
[
(k1 · l1)k22
(
1− k1 ∂
∂k1
)(
1− l1 ∂
∂l1
)]∑
A
∫ 0
−∞
dτ1
∫
dT Ga1(k1, τ1)Ga1(k2, τ1)V2F˜a1a2(l1, τ1; l2, τ2) · · ·
(A12)
We can see that the operator has the same form as the previous case, the only difference is k2 ↔ l1.
So, aζ ′(∂ζ)2 vertices can be related to φ3 vertices in the flat spacetime by an operator of the form
aζ ′(∂ζ)2 : (k1 · k2)k23
(
1− k1 ∂
∂k1
)(
1− k2 ∂
∂k2
)
, (A13)
16
where k1 and k2 are the momenta correspond to the ∂ζ legs, and k3 is the momentum corresponds to the ζ
′ leg.
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